A recently developed variational resummation technique, incorporating renormalization group properties consistently, has been shown to solve the scale dependence problem that plagues the evaluation of thermodynamical quantities, e.g., within the framework of approximations such as in the hard-thermal-loop resummed perturbation theory. This method is used in the present work to evaluate thermodynamical quantities within the two-dimensional nonlinear sigma model, which, apart from providing a technically simpler testing ground, shares some common features with YangMills theories, like asymptotic freedom, trace anomaly and the nonperturbative generation of a mass gap. The present application confirms that nonperturbative results can be readily generated solely by considering the lowest-order (quasi-particle) contribution to the thermodynamic effective potential, when this quantity is required to be renormalization group invariant. We also show that when the next-to-leading correction from the method is accounted for, the results indicate convergence, apart from optimally preserving, within the approximations here considered, the sought-after scale invariance.
I. INTRODUCTION
The theoretical description of the quark-gluon plasma phase transition requires the use of nonperturbative methods, since the use of perturbation theory (PT) near the transition is unreliable. Indeed, it has been observed that when successive terms in the weak-coupling expansion are added, the predictions for the pressure fluctuate wildly and the sensitivity to the renormalization scale, M , grows (see, e.g., Ref. [1] for a review). Due to the asymptotic freedom phenomenon PT only produces convergent results at temperatures many orders of magnitude larger than the critical temperature for deconfinement. At the same time, the development of powerful computers and numerical techniques offers the possibility to solve nonperturbative problems in silico by discretization of the space-time onto a lattice and then performing numerical simulations employing the methods of lattice quantum chromodynamics (LQCD).
So far, LQCD has been very successful in the description of phase transitions at finite temperatures and near vanishing baryonic densities, generating results [2] that can be directly used for interpreting the experimental outputs from heavy ion collision experiments, envisaged to scan over this particular region of the phase diagram. However, currently, the complete description of compressed baryonic matter cannot be achieved due to the so-called sign problem [3] , which is an unfortunate situation, especially in view of the new experiments, such as the Beam Energy Scan program at the Relativistic Heavy-Ion Collider facility. In this case, an alternative is to use approximate but more analytical nonperturbative approaches. One of these is to reorganize the series using a variational approximation, where the result of a related solvable case is rewritten in terms of a variational parameter, which in general has no intrinsic physical meaning and can be viewed as a Lagrangian multiplier that allows for optimal (nonperturbative) results to be obtained.
In the past decades nonperturbative methods based on related variational methods have been employed under different names, such as the linear delta expansion (LDE) [4] , the optimized perturbation theory (OPT) [5, 6] , and the screened perturbation theory (SPT) [7, 8] . The application of these methods starts by using a peculiar interpolation of the original model. For instance, taking the λφ 4 scalar theory as an example, the basic idea is to add a Gaussian term (1 − δ)m 2 φ 2 to the potential energy density, while rescaling the coupling parameter as λ → δλ. One then treats the terms proportional to δ as interactions, using δ as a bookkeeping parameter to perform a series expansion around the exactly solvable theory represented by the "free" term, m 2 φ 2 . At the end, the bookkeeping parameter δ is set to its original value (δ = 1), while optimally fixing the dependence upon the arbitrary mass m (that remains at any finite order in such a modified expansion) by an appropriate variational criterion. The idea is to explore the easiness of perturbative evaluations (including renormalization) to get higher order contributions that usually go beyond the topologies considered by traditional nonperturbative systems [12] , in the analysis of phase transitions in general [13] , in the evaluation of quark susceptibilities within effective QCD inspired models [14] , as well as in other applications related to effective models for QCD [15] . Of course, due to gauge invariance issues, one cannot simply consider a gluonic local mass when applying SPT or OPT to QCD. Nevertheless this procedure can be done in a gauge-invariant manner by applying it on the previously well-defined gauge-invariant framework of Hard Thermal Loop (HTL) [16] , and it resummation, HTLpt, was developed over one decade ago [17, 18] . Recently, this approximation has been evaluated up to three-loop order in the case of hot and dense quark matter [19] , giving results in reasonable agreement with LQCD for the pressure and other thermodynamical quantities. The SPT method has even been pushed to four-loop order in the scalar φ 4 model [20] . However, the results of resummed HTLpt exhibit a strong sensitivity to the arbitrary renormalization scale M used in the regularization procedure. This is highly desirable to be reduced if one wants to convert these available high order HTLpt results into much more precise and reliable nonperturbative ones and, likewise, to be consistent with expected renormalization group invariance properties. One could hope that the situation would improve by considering higher order contributions, but exactly the opposite has been observed to occur. As recently illustrated in Refs. [17] [18] [19] , at three loop order HTLpt predicts results close to LQCD simulations for moderate T 2T c at the "central" energy scale value M = 2πT , such that large logarithmic terms are minimized, but this nice agreement is quickly spoiled when varying the scale even by a rather moderate amount.
A solution to this problem has been recently proposed, by generalizing to thermal theories a related variational resummation approach, Renormalization Group Optimized Perturbation Theory (RGOPT). Essentially the novelty is that it restores perturbative scale invariance at all stages of the calculation, in particular when fixing the arbitrary mass parameter from the variational procedure described above, where it is induced by solving the (mass) optimization prescription consistently with the renormalization group equation. The RGOPT was first developed at vanishing temperatures and densities in the framework of the Gross-Neveu (GN) model [21] , then within QCD to estimate the basic scale (Λ MS [22] , or equivalently the QCD coupling α S ). At three-loop order it gives accurate results [23] , compatible with the α S world averages. The method has also given a precise evaluation of the quark condensate [24] . More recently some of the present authors have shown, in the context of the λφ 4 scalar model, that the RGOPT is also compatible with the introduction of control parameters such as the temperature [25, 26] . The RGOPT and SPT predictions for the pressure have been compared, showing how the RGOPT indeed drastically improves over the generic scale dependence problem of thermal perturbation theories at increasing perturbative orders.
We also remark that within more standard variational approaches such as OPT, SPT and HTLpt, the optimization process can allow for multiple solutions, including complex-valued ones, as one considers higher and higher orders. Accordingly, in some cases, one is forced to obtain optimal results by using an alternative criterion, for example, by replacing the variational mass with a purely perturbative screened mass [8, 18, 19] , but at the expenses of potentially loosing valuable nonperturbative information. As shown in Ref. [21, 23] , the RGOPT may also avoid this serious problem, by requiring asymptotic matching of the optimization solutions with the standard perturbative behavior for small couplings.
Various approaches have been made earlier to improve the higher order stability and scale dependence of thermal perturbation theories. For instance the nonperturbative RG (NPRG) framework (see e.g. [27] for the φ 4 model) should in principle give exactly scale invariant results by construction, if it could be performed exactly. But solving the relevant NPRG equations for thermal QCD beyond approximative truncation schemes appears very involved. Other more perturbative attempts have been made to improve the perturbative scale dependence of thermodynamical QCD quantities, not necessarily relying on a variational or HTLpt resummation framework: rather essentially using RG properties of standard thermal perturbation theories (see, e.g., [28, 29] ). Our approach also basically starts from standard perturbative expressions, and perturbative RG properties (which is one advantage since many already available higher order thermal perturbative results can be exploited). But it is very different from the latter approaches, due to the crucial role of the variational (optimization) procedure, rooted within a massive scheme. An additional bonus provided by our procedure, as we will illustrate here, is that some characteristic nonperturbative features are already provided at the lowest ("free gas") order.
In this work we apply the RGOPT to the nonlinear sigma model (NLSM) in 1+1 dimensions at finite temperatures in order to pave the way for future applications concerning other asymptotically free theories, such as thermal QCD. Apart from asymptotic freedom, the NLSM and QCD have other similarities, like the generation of a mass gap and trace anomaly. In the previous RGOPT finite temperature application [25, 26] , the numerical results for the pressure were mainly expressed as functions of the coupling, as done in the usual SPT applications to scalar theories. Here, on the other hand, we perform an investigation more reminiscent of typical HTLpt applications to hot QCD (see, e.g., Refs. [17] [18] [19] ), by mainly concentrating on the (thermodynamically) more appealing P − T plane. Another, more technical but welcome feature of considering the NLSM is that, up to two-loop order, the relevant thermal integrals are simple and exactly known (at least for the pressure and derived quantities), which allows for a rather straightforward study of the full temperature range with our method. As a simple model that has been studied many times before in the context of its critical properties and renormalization group results, the NLSM makes then a perfect test ground for benchmarking the RGOPT when compared to other nonperturbative methods.
It is worth mentioning that for HTLpt applied to QCD at two-loop order and beyond, results [18] are only available in the high-T approximation regime, not to mention the rather involved gauge-invariance framework required by the method. At three-loop order the NLSM starts to involve more complicated integrals, but this is beyond the present scope, and two-loop order RGOPT, that we will carry out in the present work, will be enough to illustrate the RGOPT efficiency. Although, to the best of our knowledge, SPT (or its high-T expansion variant more similar to HTLpt) has not been applied previously in the NLSM framework, we found it worth to derive and compare in some detail such SPT/HTLpt results with the RGOPT results in the present model. This is useful in order to emphasize the improvements of RGOPT that are generic enough to be appreciated in view of QCD applications. In this work, we also investigate how the RGOPT performs with respect to other thermodynamical characteristics, like the Stefan-Boltzmann limit and the trace anomaly, among others, which were not investigated in Refs. [25, 26] .
As we will illustrate, the scale invariant results obtained in the present application give further support to the method as a robust analytical nonperturbative approach to thermal theories. Bearing in mind that the RGOPT is rather recent, we will also perform the basic derivation in a way that the present work may also serve as a practical guide for further applications in other thermal field theories. This paper is organized as follows. In Sec. II we briefly review the NLSM. Then, in Sec. III, we perform the perturbative evaluation of the pressure to the first nontrivial order and discuss the perturbative scale invariant construction. In Sec. IV we modify the perturbative series in order to make it compatible with the RGOPT requirements. The optimization procedure is carried out in Sec. V for arbitrary N up to two-loop order, where we also derive the large-N approximation, the standard perturbation (PT), and the SPT/HTLpt alternative approaches, also up to two-loop order for comparison. Our numerical results are presented and discussed in Sec. VI, where we compare the previous different approximations as well as the next-to-leading (NLO) order of the 1/Nexpansion [30] , for N = 4, which is a physically appealing choice beyond the more traditional N = 3 continuum limit of the Heisenberg model. Then we also compare our RGOPT results with lattice simulation results, apparently only available for N = 3 [31] . Finally, in Sec. VII, we present our conclusions and final remarks.
II. THE NLSM IN 1+1-DIMENSIONS
The two-dimensional NLSM partition function can be written as [32, 33] 
1) where g 0 is a (dimensionless) coupling and the scalar field is parametrized as Φ i = (σ, π 1 , ..., π N −1 ). In two-dimensions the theory is renormalizable [32] and also, according to the Mermin-Wagner-Coleman theorem [34, 35] , no spontaneous symmetry breaking of the global O(N ) symmetry can take place (at any coupling value). The action is invariant under O(N ) but using the constraint, σ(
1/2 , in order to define the perturbative expansion, breaks the symmetry down to O(N − 1). This is accordingly an artifact of perturbation theory, and truly nonperturbative quantities, when calculable, should exhibit the actually unbroken O(N ) symmetry [33] , as shown by the nonperturbative exact mass gap at zero temperature [36] . Thus the perturbation theory describes at first N − 1 Goldstone bosons, and one may introduce, for later convenience, an infrared regulator, m 2 0 , coupled to σ. In this case the partition function becomes
where the (Euclidean) action is S(π, m) = d 2 xL 0 and, upon rescaling π i → √ g 0 π i , the bare Lagrangian density
The above Lagrangian density can be expanded to orderg 0 yielding
4) where for later notational convenience we designate as E 0 ≡ m 2 0 /g 0 the field-independent term, originating at lowest order from expanding the square root in Eq. (2.3). At first, one may think that such field-independent "zeropoint" energy term could be dropped innocuously (as is indeed sometimes assumed in the literature [37] ). However, as we will examine below it is important to keep this term since it plays a crucial role for consistent perturbative RG properties.
In Euclidean spacetime the Feynman rules of the model can be found, e.g., in refs [33, 38] . The Euclidean fourmomentum, in the finite temperature Matsubara's formalism [39] , is p 0,Eucl ≡ ω n , where ω n = 2πnT are the bosonic Matsubara frequencies (n = 0, ±1, ±2 · · · ) and T is the temperature. In this work, the divergent integrals are regularized using dimensional regularization (within the minimal subtraction scheme MS), which at finite temperature and d = 2 − ǫ dimensions, can be implemented by using
5) where γ E is the Euler-Mascheroni constant and M is the MS arbitrary regularization energy scale. At finite temperatures this model has been first studied by Dine and Fischler [40] in the context of the PT and also in the large N approximation.
III. PERTURBATIVE PRESSURE AND SCALE INVARIANCE

FIG. 1. Feynman diagrams contributing to the perturbative pressure at O(g).
The first term represents P0(m0), the second, P1(m0, g0), the third term represents the self-energy counterterm P CT 0
(obtained from expanding Zm to first order in P0(m0 = Zm m)), while the fourth term represents the zero point contribution E0(g0) to Eq. (3.1).
Considering the contributions displayed in Fig. 1 , one can write the pressure up to order O(g 0 ) as
where the (one-loop) zeroth-order term represents the usual free gas type of term and it is given by
where
with the dispersion relation, ω
. At two-loop order the pressure receives the contribution from the O(g 0 ) term
, as well as from the counterterm insertion contributions in the one-loop pressure. To this perturbative order, one has g 0 = Z g g ≡ g and thus just a mass counterterm insertion contribution in the one-loop pressure to deal with. It leads to a counterterm P CT 0 that can be readily obtained by replacing m 0 = Z m m in P 0 and expanding it up to first-order, P 0 (m 0 = Z m m) = P 0 (m) + P CT 0 (m, g), where explicitly
upon using [33, 41] (our convention is d = 2 − ǫ)
Then, when performing the sum over the Matsubara's frequencies within the MS scheme one obtains for the loop momentum integrals I 0 and I 1 appearing in the above expressions, the explicit results
(3.15) Before we proceed, we should stress that those vacuum energy (pressure) renormalization features in the MSscheme are peculiar to the NLSM: in contrast for a general massive model the vacuum energy (equivalently pressure) is not expected to be renormalized solely from the mass and coupling counterterms, such that one needs additional proper vacuum energy counterterms. Here the latter are provided for free, by retaining consistently the field-independent zero-point energy E 0 (m 0 , g 0 ) already present in the Lagrangian. Omitting this term would force to introduce new minimal counterterms (i.e cancelling solely the divergent terms shown explicitly in (3.14)), however missing thus the finite lowest order m 2 /g term that remains in the renormalized pressure Eq. (3.15). Moreover, not surprisingly the latter term is crucial to ensure perturbative RG invariance of the renormalized pressure. More precisely, consider the renormalization group (RG) operator, defined by
Applying the latter to the pressure (zero-point vacuum energy) one has n = 0, so that one only needs to consider the β and γ m functions. At the two-loop level,
and 18) where the RG coefficients in our normalization are [41] :
It is now easy to check that applying (3.16) to Eq. (3.15) gives 24) which explicitly shows the lack of perturbative scaleinvariance, the remnant term being of leading order O(m 2 ). Such remnant terms generally occur in any massive model and are nothing but the manifestation that the vacuum energy of a (massive) theory has a nontrivial anomalous dimension in general. In this case, to restore RG invariance one needs to add finite contributions, perturbatively determined from RG properties (see e.g. [25, 26] in the thermal context, or for earlier similar considerations at vanishing temperature, [42] ). Thus (once having minimally renormalized the remaining divergences of the pressure), one is lead to (re)introduce an additional finite contribution in E 0 which, upon acting with the RG operator Eq. (3.16), precisely compensates the remnant anomalous dimension terms like the lowest order one in Eq. (3.24) . Still pretending to ignore the initially present NLSM E 0 term (or when absent like in other model cases), one can add a finite contribution of the generic form m 2 f (g)/g (which in minimal subtraction schemes cannot depend explicitly on the temperature, nor on the renormalization scale M , since it is entirely determined from (integrating) the RG anomalous dimension). Following [25, 26] one can write the finite zero-point energy contribution, E RG 0 : 25) and determine the coefficients s k by applying (3.16) consistently order by order. In the present NLSM, one can easily check that it uniquely fixes the relevant coefficients up to two-loop order, s 0 , s 1 , as
and 27) (which vanishes as b 1 = 2γ 1 in the NLSM). Thus from perturbative RG considerations, Eq. (3.25) with (3.26), (3.27) reconstructs consistently the NLSM first term of (3.15), originally present in our original NLSM derivation above. While this derivation was unnecessary for the NLSM, it illustrates the procedure needed for an arbitrary massive model, where such finite vacuum energy terms are generally absent and can be reconstructed perturbatively in such a way. As we will see in Sec IV, the presence of this finite vacuum energy piece induces a nontrivial mass gap solution already at lowest order, in contrast with other related variational approaches. Its presence will be crucial to obtain some essentially nonperturbative features of the model already at lowest order. We remark in passing that the result s 1 = 0 (equivalently the original NLSM expression (3.15)) is a consequence of the peculiar RG properties of the NLSM. We anticipate that this affects the properties of the RGOPT solution at two-loop order, as will be examined below in Sec. V. In other models those perturbative subtraction coefficients are a priori all nonvanishing, as is the case in various other scenarios explored so far [23] [24] [25] [26] .
To conclude this section, we stress that the vacuum energy terms as in Eq. (3.25), generally required in massive renormalization schemes based on dimensional regularization, have been apparently ignored in many thermal field theory applications, in particular in the SPT and resummed HTLpt construction [17, 18] , essentially based on adding a (thermal) mass term. In contrast our construction maintains perturbative RG invariance at all levels of the calculation: first, by considering generically for any model the required perturbative finite subtraction (3.25) (although already present from the start in the peculiar NLSM case, as above explained). In subsequent step, RG invariance is maintained (or more correctly, restored) also within the more drastic modifications implied by the variationally optimized perturbation framework, as we examine now.
IV. RG OPTIMIZED PERTURBATION THEORY
To implement next the RGOPT one first modify the standard perturbative expansion by rescaling the infrared regulator m and coupling:
in such a way that the Lagrangian interpolates between a free massive theory (for δ = 0) and the original massless theory (for δ = 1) [22] . This procedure is similar to the one adopted in the standard SPT/OPT [4, 6, 7] or HTLpt applications, except for the crucial difference that within the latter methods the exponent is rather taken as a = 1/2 (for scalar mass terms) or a = 1 (for fermion mass terms), reflecting the intuitive notion of "adding and subtracting" a mass term linearly, but without deeper motivations. In contrast, as we will recall now, the exponent a in our construction is consistently and uniquely fixed from requiring the modified perturbation, after performing (4.1), to restore the RG invariance properties, which generally makes it different from the above linear values a = 1/2 for a scalar term 2 . Before we proceed, let us first remark that since the mass parameter is being optimized by using the variational stationary mass optimization prescription [4] [5] [6] (as in SPT/OPT),
the RG operator acquires the reduced form
which is indeed consistent for a massless theory. Then, performing the aforementioned replacements given by Eq. (4.1) within the pressure Eq. (3.15), consistently re-expanding to lowest (zeroth) order in δ, and finally taking δ → 1, one gets
Now to fix the exponent a we require the RGOPT pressure, Eq. (4.4), to satisfy the reduced RG relation, Eq. (4.3). This uniquely fixes the exponent to
where the first generic expression in terms of RG coefficients coincides with the value found for the similar prescription applied to the scalar λφ 4 theory [25, 26] and also to QCD (up to trivial normalization factors). We indeed recall that, as discussed in Refs. [22] [23] [24] [25] [26] , the exponent a is universal for a given model as it only depends on the first-order RG coefficients, which are renormalization scheme independent. Furthermore, at zero temperature, Eq. (4.5) greatly improves the convergence of the procedure at higher orders: considering only the first RG coefficients b 0 and the γ 0 dependence (i.e., neglecting higher RG orders and non-RG terms), it gives the known exact nonperturbatively resummed result at the very first order in δ and also at any successive order [23] . This is not the case for a = 1/2 (for a scalar model), where the convergence appears very slow, if any 3 . With the exponent a determined, one can write the resulting one-loop RGOPT expression for the NLSM pressure as
In the same way, the two-loop standard PT result obtained in the previous section gets modified accordingly to yield the corresponding RGOPT pressure at the next order of those approximation sequences. After performing the substitutions given by Eq. (4.1), with a = γ 0 /b 0 within the two-loop PT pressure Eq. (3.15), expanding now to first order in δ, next taking the limit δ → 1, gives
V
. RG INVARIANT OPTIMIZATION AND THE MASS GAP
To obtain the RG invariant optimized results, as a general recipe at a given order of the (δ-modified) expansion, one expects a priori to solve the mass optimization prescription (dubbed MOP below), Eq. (4.2), and the reduced RG relation, Eq. (4.3), simultaneously, thereby determining the optimized m ≡m and g ≡ḡ "variational" fixed point values [21, 23] . However, at the lowest nontrivial δ 0 order, applying the reduced RG operator (4.3) to the (δ-modified) one-loop pressure according to (4.1) with (4.5), gives a vanishing result, by construction. Therefore, the only remaining constraint that one can apply at this lowest order is the MOP, Eq. (4.2). 
or more explicitly, definingx ≡m/T , and using Eq. (3.13),
For T = 0 Eq. (5.2) gives an implicit function ofm, due to the nontrivial m-dependence in the thermal integral. At T = 0, Eq. (5.2) immediately leads tō
.
It is instructive to remark that the above optimized mass gap is dynamically generated by the (nonlinear) interactions and reflects dimensional transmutation, with nonperturbative coupling dependence. Accordingly the formerly perturbative Goldstone bosons get a nonperturbative mass, indicating the restoration of the full O(N ) symmetry (although within our limited one-loop RG approximation, at least at the same approximation level as the large-N limit [30, 33] ). The Eq. (5.3) moreover fixes the optimized massm to be fully consistent with the running coupling g(M ) as described by the usual one-loop result,
in terms of an arbitrary reference scale, M 0 . Now replacing the mass gap expression, Eq. (5.2), within the one-loop pressure, Eq. (4.6), leads to a more explicit and rather simple expression. Namely,
wherem ≡m(g, M, T ) is given by the solution of Eq. (5.2) 4 . For completeness, we also give the corresponding pressure at zero-temperature, that we will use to subtract from Eq. (5.5) in the numerical illustrations to be given in Sec. VI, such as to obtain a conventionally normalized pressure, P (T = 0) ≡ 0. From Eq. (5.5) one obtains
where the T = 0 mass-gap is given in Eq. (5.3).
From the above expressions, one may anticipate that Eqs. (5.2) and (5.5) exhibit "exact" scale invariance (of course exact upon neglecting higher order terms at this stage), as it will be further illustrated by the numerical evaluations performed in Sec. VI.
B. Large-N mass gap and pressure
Before deriving the RGOPT results at the next (twoloop) order, for completeness we consider the large-N (LN) limit of the model, as it can be directly obtained from the previous one-loop RGOPT result and it will be also studied for comparison purposes in the sequel. The LN limit is straightforwardly generated from the usual procedure of rescaling the coupling as
and then taking the limit N → ∞ in the relevant expressions above, such that typically any (N − 1), (N − 2), · · · factors in Eq. (4.6), or previous related expressions reduce to N , while higher orders terms are 1/Nsuppressed 5 . Therefore, the LN limit of the RGOPT pressure expression (4.6) takes the explicit form 4 Notice that the term proportional to g −1 in Eq. (4.6) has been absorbed upon using Eq. (5.2), such that there are no particular problems for g → 0 in Eq. (5.5). 5 One must note one subtlety: the second term of Eq. (3.15), formally not vanishing after using (5.7) for N → ∞, should not be included, as it would be double-counted, since such term (and all higher order LN terms) is actually consistently generated from using the LN limit of the mass gap Eq. (5.2) within the LN pressure Eq. (5.8).
Note that Eq. (5.8) is fully consistent with the first order of the nonperturbative two-particle irreducible (2PI) CJT formalism [44] result given in Ref. [31] (the Eq. (2.42) in that reference), upon further subtracting P (T = 0) from Eq. (5.8), with the large-N limit of the mass gapm, Eq. (5.3), b 0 g → g LN /(2π), also consistent with the Eq. (2.44) of Ref. [31] . The authors of Ref. [31] have explained the reasons for the strict equivalence of their first order CJT approximation with the large-N results [30] . The similarities between RGOPT at one-loop order and the first nontrivial order of 2PI results were already noticed in the context of the scalar φ 4 model [26] . Hence, at large-N the rather simple RGOPT lowest (one-loop) order procedure is equivalent to resumming the leading order temperature dependent terms for the mass selfconsistently and this result remains valid at any temperature.
Note also that within the standard nonperturbative LN calculation framework, the last term in Eq. (5.8) arises when this approximation is implemented with, e.g., the traditional auxiliary field method [30] , and is crucial to maintain consistent RG properties. Accordingly, the LN pressure will also exhibit "exact" scale invariance, at this approximation level. However, as we will examine explicitly below, the pressure at the NLO in the 1/N expansion, although an a priori more precise nonperturbative quantity, is not exactly scale invariant, exhibiting a moderate residual scale dependence.
The LN pressure (5.8) now scales as ∼ N . Thus, to compare this LN approximation in a sensible manner with the true physical pressure (i.e. for a given physical N phys value), in the numerical illustrations to be performed in Sec. VI, we will adopt the standard convention to take the overall N factor of the LN pressure (5.8) as N → N phys (typically N phys = 3, 4, · · · in our numerical illustrations).
C. Two-loop RGOPT mass gap and pressure
Going now to two-loop order, the mass optimization criterion Eq. (4.2) applied to the RGOPT-modified twoloop pressure Eq. (4.7) can be cast, after straightforward algebra, in the form (omitting some irrelevant overall factors):
where, we have defined for convenience the following dimensionless quantity (compare with Eq. (3.13)), 10) and the thermal integral,
Alternatively, the reduced RG equation (4.3), using the exact two-loop β-function Eq. (3.17), yields
When considered as two alternative (separate) equations, (5.9) and (5.12), apart from having the trivial solutionm = 0, also have a more interesting nonzero mass gap solution,m(g, T, M ), with nonperturbative dependence on the coupling g. It is convenient to solve Eq. (5.12) first formally as second-order algebraic equations for Y , as function of the other parameters, and solving (numerically) the mass gapm(g, T, M ) using Eq. (5.10). To get more insight on those implicit selfconsistent equations for m(g, T ), let us first observe that the MOP Eq. (5.9) factorizes, with the first factor recognized as the one-loop MOP Eq. (5.2). Now it is easily seen that the other nontrivial solution, given by cancelling the second factor in Eq. (5.9), gives at T = 0 a behavior of the coupling (or equivalently, of the mass gap), asymptotically of the form, when M ≫ m,
which badly contradicts the asymptotic freedom (AF) property of the NLSM, the coefficient of the right-handside of Eq. (5.13) having the opposite sign of AF for any N > 3. We therefore unambiguously reject this solution 6 , which means that at two-loop order, the correct g → 0 AF-compatible physical branch solution of Eq. (5.9) for the mass gap is unique and formally the same as the one-loop solution from Eq. (5.2). But more generally one expects both the mass optimization and the RG solution of (5.12) to differ quite drastically from the one-loop solution, obviously since incorporating higher order RG-dependence. For the NLSM one also immediately notices that the case N = 3 is very special, as could be expected, since the two-loop original perturbative contribution in Eq. (3.15) vanishes. Once performing the δ-expansion at two-loop order, even if that gives extra terms, as can be seen by comparing Eqs. (4.6) and (4.7), these also vanish for N → 3, since γ 0 (N = 3) = 0, see Eq. (3.21). Moreover, if using only Eq. (5.9), it reduces for N = 3 to the last factor, identical to the one-loop MOP Eq. (5.2). Thus, if using the latter MOP prescription for N = 3, one would only recover the one-loop mass gap solution Eq. (5.2), which implies no possible improvement from one-to two-loop order. However, using instead the full RG equation Eq. (3.16), as we will specify below, gives a nontrivial two-loop mass gap solutionm(g) that is intrinsically different and goes beyond the one-loop solution Eq. (5.2) even for N = 3. It thus implies that the final RGOPT pressure, considered as a function of the coupling, P (m(g)), will nevertheless be different from the one-loop Eq. (5.5). In that way, even for N = 3, where the purely perturbative two-loop term cancels, the RGOPT procedure allows a different (and a priori improved) approximation from one-to two-loop order. We will see that those differences between one-and two-loop RGOPT expressions happen to be maximal for N = 3 (which is intuitively expected since it is the lowest possible physical value for the interacting NLSM). This is a quite sensible feature in view of the fact that we will compare the RGOPT one-and two-loop results with nonperturbative lattice simulations [31] , which are, however, only available for N = 3 at present. Now for N > 3, in principle it would be desirable to find a simultaneous (combined) solution of Eqs. (5.9) and (5.12), such as to obtain the approximate optimal "fixed point" set {m,ḡ}, as was done in some T = 0 models [21] [22] [23] [24] . For T = 0 it would leave a given pair (T, M ) as the only input parameters. But for the present NLSM, a rather unexpected feature happens: as easily derived, e.g., by solving the correct AF physical solution of Eq. (5.9) first for Y , and substituting in Eq. (5.12)), after some straightforward algebra the latter readily reduces to g m 2 = 0. (5.14)
Thus, at two-loop order there is no such nontrivial RG and MOP combined solution in the NLSM. This is not an expected result in general for other models, but that one can easily trace back to the specific renormalization properties of the NLSM vacuum energy in MS-scheme as discussed in Sec. III. (Equivalently the subtraction coefficient s 1 in Eq. (3.27) vanishes due to the the peculiar NLSM b 1 = 2γ 1 relations between two-loop RG coefficients for any N 7 . It is thus a peculiar feature of the NLSM, unlikely to occur in a large class of other models. It simply means that at two-loop order the NLSM pressure has a too simple (m, g) dependence to provide such a nontrivial intersecting optimal solution of the two relevant, RG and MOP equations. Nontrivial combined RG and MOP solutions should most likely exist for the NLSM at the next three-loop order, which is however beyond the scope of the present analysis. Therefore, restricting ourselves to the two-loop order for simplicity, for N > 3 we have to select either Eq. (5.9), or Eq. (5.12) to give the mass gap, then fixing the coupling more conventionally from its more standard perturbative behavior. Besides these peculiar NLSM features, the latter prescription is also more transparent to compare with former similar SPT or HTLpt available results for other models, where the (mass) optimization or other used prescriptions only provide a mass gap as a function of the coupling, and the coupling is not fixed by other procedures, thus generally chosen as dictated by the standard (massless) perturbative behavior [7, 17, 18] . Now Eq. (5.12) alone happens to have real solutions only at large-N , in contrast with Eq. (5.9), which has real solutions for any N > 2. But since the correct NLSM AF branch of the mass optimization solution of Eq. (5.9) behaves accidentally very much like at one-loop order, as explained above, we do not expect to gain much from it when going to the two-loop order. A more promising alternative is to use instead the complete RG equation, which combine Eq. (5.9) and Eq. (5.12) in the form (omitting irrelevant overall factors): .9) 8 . We emphasize that when using Eq. (5.15) to determine the optimized pressure results, one may consider that the coupling runs in the way dictated by the standard perturbative approximation. Hence, apart from the one-loop running in Eq. (5.4), we also need the two-loop running coupling, with exact expression given e.g. in [26] , which can be approximated as follows with sufficient accuracy (as long as g remains rather moderate g ∼ O(1)), In order to compare our results with the standard (massless) perturbation theory (PT) in the present NLSM model, it is appropriate to consider the high-T expansion of the relevant expressions. This is also relevant for a (merely qualitative) comparison with HTLpt results [17] in other models, since the latter proceeds with expansions in powers of x = m/T . We will see in this subsection that Eqs. (5.2), or equivalently, Eqs. (5.9) and (5.15) at two-loop order, have relatively simple mass gap solutions given in this case as a systematic perturbative expansion in powers of the coupling.
It is thus useful to consider the well known high-T expansions, where x = m/T ≪ 1, for the thermal integrals [39] ,
We also introduce the Stefan-Boltzmann (SB) limit of the renormalized NLSM pressure, which will enter as a reference pressure in many of the numerical examples to be given below in Sec. VI, 
where we have defined L T = ln[M e γE /(4πT )]. Next, the optimized mass solution, obtained from Eq. (5.2), can be expressed as function of the coupling: 21) or that simply gives, when expanding to the lowest perturbative order,
Note that using the optimized mass gap solution (5.21) within Eq. (5.20), the latter takes a much simpler expression (in the high-T limit here considered), 
where the correct (i.e. AF) solutionm ≡xT of the full RG Eq. (5.15) is given simply by one of the roots of a quadratic equation.m is in general different from the one-loop solution (5.21), as expected since it now involves two-loop order RG coefficients b 1 , γ 1 : indeed it has a rather involved dependence on g that we refrain to give explicitly. But once perturbatively re-expanded, it coincides at first order with (5.21) (for any N > 3), which is a nontrivial perturbative consistency check of our construction. Replacing this exact two-loopm as a function of g within the two-loop pressure (5.24), one obtains an expression that differs from the one-loop pressure, Eq. (5.23), by higher order perturbative terms, starting at O(g 3 ): (Therefore for the case N = 3 some care is needed in the numerics to take the limit N → 3 before possibly expanding in perturbation, which is however not needed). Still, Eq. (5.25) indicates crudely that the difference between one-and two-loop RGOPT should be maximal for N = 3, which is also true for the exact (regular) expression, and was intuitively expected, since N = 3 is the lowest physically nontrivial value. At the other extreme for N → ∞, one can easily check that the two-loop optimized mass and pressure tend towards the corresponding one-loop quantities, i.e. the LN results like the pressure Eq. (5.8).
To compare the previous RGOPT results with the standard PT ones, one can start by deriving the PT pressure directly from Eq. (3.15) in the massless limit, which at this two-loop order is well defined. It gives
Another quantity of interest is the purely perturbative thermal Debye (pole) mass: at one-loop order it can be derived starting from the self-energy [32, 33] , However, one should not be surprised by these differences. First, in contrast with the physical one-loop Debye (pole) mass, the optimized mass (5.22) is only an intermediate unphysical quantity in the optimization procedure, aimed to enter the final pressure to make it a (nonperturbative) function of g only. Second, the resulting P RGOPT (g), obtained by such a construction, has a priori more nonperturbative content. Thus, it has no reason to generate a function that exactly matches the one generated by the standard PT. This is similar to the fact that the pressure, in the nonperturbative LN approximation, also is a function of g that is intrinsically different from the purely PT pressure, For completeness, let us review how the more standard OPT (or SPT) approximation is obtained and derive it for the NLSM, for useful comparison purpose with the RGOPT results. In this case, one starts back again with Eq. (3.1), but as already emphasized above, there are two important differences with the previously derived RGOPT construction. First, the standard SPT/OPT, as was considered in various models, generally ignored the finite vacuum energy subtraction terms like in Eq. (3.25), required to restore the perturbative RG invariance as we have discussed. The second difference regards the Gaussian term when performing the interpolation, Eq. (4.1), since in the standard OPT case the exponent a is fixed in an ad hoc way as a = 1/2. While it should be clear from the above RGOPT construction that such prescription will therefore lack explicitly RG invariance, we nevertheless follow exactly the procedure as it was applied in various other models, to illustrate the differences in properties of corresponding thermodynamical quantities as compared to the RGOPT, in particular concerning their residual scale dependence.
It is thus straightforward to obtain the SPT/OPT twoloop pressure from the RGOPT result, Eq. (4.7): upon first omitting the finite contribution to E 0 , given by the last term in Eq. (4.7), furthermore upon replacing the RGOPT exponent a = γ 0 /b 0 by the standard a = 1/2 in the second term. These modifications lead to
One should first appreciate that, contrary to the RGOPT case, the SPT/OPT does not provide a non-trivial (i.e. coupling-dependent) optimized mass gap result when only the (one-loop) quasi-particle contribution, given by the first two terms on the right-hand-side of Eq. (5.30), is accounted for. This is a general feature, not specific to the NLSM. Applying thus the mass optimization Eq. (4.2) to the complete two-loop P
SPT 2L
result, one obtains a second-order equation quite analogous to Eq. (5.9),
where the quantity Y was defined in Eq. (5.10). However, this equation has no real solution for any N . Moreover, upon taking its high-T approximation, it gives an unphysical solution, as it no longer depends on the mass. This last feature is an unusual situation within the SPT/OPT/HTLpt applications since, at least for other models considered in the literature, these approximations often provide real results at the first nontrivial order. And, in particular, they usually recover the LN result when N → ∞ [45] as, for example, in the case of the λφ 4 scalar theory [46, 47] . In this situation, a frequently used alternative prescription to nevertheless define a mass in SPT (or similarly HTLpt) [18] is to employ the purely perturbative NLSM Debye pole mass, as given by Eq. 
In particular, the previous expression is more appropriate for a (very qualitative) comparison with the two-loop HTLpt QCD (pure gluodynamics) pressure [18] , which is only available in the small m/T (high-T ) expansion approximation.
VI. NUMERICAL RESULTS
Before proceeding to numerical comparisons of the different approximation methods previously considered, we should specify how to fix the relevant input parameters, which we discuss next.
A. Input parameter choice
As already mentioned, at this stage the coupling g in all previous RGOPT, PT, SPT approximations of the pressure is to be considered an arbitrary input. Ideally, if we had experimental data for some physical observable, like for other models, we could fix g typically at some scale and/or temperature. Accordingly it is clear that the resulting g(T ) values would be a priori different within different approximations. Specially, since the LN approximation necessarily implies to rescaling the coupling, Eq. (5.7), the rescaled coupling g LN value could be substantially different from those for other approximations, for the same observable input given at some physical scale for a finite N value. Now, apart from comparing with other available nonperturbative results (like the NLO 1/N expansion [30] or lattice simulations for N = 3 [31] ), our purpose is also mainly to illustrate the RGOPT scale dependence improvement as compared to the standard PT and the SPT approximation. For the latter comparison it is more sensible to compare scale dependences of the different results for the same "reference" coupling values. But since we also compare the different thermodynamical quantities with the LN ones, one aims to choose g LN input values in a range that is a priori comparable with other approximations. It is clear from Eq. (5.5) and (5.8) that the one-loop RGOPT and LN approximations are essentially equivalent, only up to a rescaled coupling (5.7): indeed, the correct LN result was derived from Eq. (5.5). Thus we find it sensible to compare the results for a given finite N phys input by taking
When satisfying exactly this relation, the LN and (oneloop) RGOPT describe essentially the same physics: if one would fix g(M 0 ) for the different approximations by comparing those to real data, one would expect to obtain something close to Eq. (6.1), except for the other difference being the N − 1 → N overall factor in the LN pressure 9 . Concretely, the numerical illustrations below will be mainly for the case of N phys = 4, g(M 0 ) = 1 = g LN (M 0 )/2, where M 0 is the arbitrary reference scale, or for N phys = 3, g(M 0 ) = g LN (M 0 ) when comparing with the lattice results.
To investigate and compare the scale variation behavior of the different approximations in our analysis below, as it is customary, we set the arbitrary MS scale as M = αM 0 = 2πT α and consider 0.5 ≤ α ≤ 2 as representative values of scale variations. Note however that this formal identification of the arbitrary renormalization scale M with a temperature is only justified strictly at high temperature [1] , while the genuine nonperturbative arbitrary T -dependence of the coupling is in general not known. Accordingly for the SPT Eqs. (5.30), (5.33) and PT Eq. (5.26), we impose the standard prescription g(M ∼ 2πT ) with the running dictated e.g. at one-loop by Eq. (5.4) . This guarantees the correct SB limit of (5.26) and Eq. (5.33) at very high T , and is often adopted in the literature even for relatively low T values. In contrast for the RGOPT pressures Eqs. (4.6) or Eq. (4.7), the running g(M ∼ T ) as dictated by Eqs. (5.4), (5.16) is consistently embedded (although only approximately at two-loops), as is explicit e.g. from Eq. (5.23) in the high-T approximation. This is a consequence of the (perturbative) RG invariance-restoring subtraction terms in the pressure expressions, and it automatically gives the SB limit at (very) high T . Alternatively, as already emphasized previously, if a nontrivial combined RG and MOP solution of Eq. (5.9) and (5.12) would be available at the two-loop order in the present model (which unfortunately is not the case), this solution would effectively provide an approximate "nonperturbative" ansatz for the T -dependent coupling, likely departing much from Eqs. (5.4), (5.16) at low T . Having previously derived that the one-loop RGOPT (and LN similarly) pressure is exactly scale invariant for any coupling value, we will illustrate the moderate residual scale dependence at the two-loop RGOPT order and those of the other approximation schemes, for a moderately nonperturbative coupling choice, g(M 0 ) ≃ 1. It is clear that due to the perturbative running, for a very large input coupling the scale dependence drastically increases (except for the one-loop RGOPT result being exactly scale invariant for any g) and, thus, the choice g(M 0 ) ≃ 1 appears to be a reasonable compromise. Note that in the two-dimensional NLSM, a coupling of order g(M 0 ) ≃ 1 may be naively compared with a relatively strong four-dimensional QCD coupling α S ∼ 1, which is well within the nonperturbative T ∼ T c QCD regime.
B. The T = 0 results
We start by considering the optimization solutions at T = 0 and N = 4.
In .32)). The results in Fig. 2 show that at one-loop order the RGOPT has real solutions for all values of g. In contrast, the twoloop RGOPT mass, using f
f ull RG , Eq. (5.15), becomes complex beyond a rather high coupling value, for N = 4, g(M 0 ) ≈ 4.27, which is a value high enough for our purposes. This g value, beyond which the RG solution is complex, slightly decreases as N increases, but for N = 3 one recovers a real solution for any g. It can be verified that Eq. (5.15) gives actually two branch solutions. We select unambiguously the one which correctly reproduces the SB result as the physical solution in all subsequent evaluations. That is, as already mentioned concerning the other solution from the mass optimization, Eq. (5.9), our criterion to selectm is to choose the root which reproduces the perturbative results for small g. The other nonphysical solution, not shown in Fig. 2 , has an anti-AF behavior, similarly to the other nonphysical solution of Eq. (5.9), which is given by Eq. (5.13). (NB the (real part of the) physical branch solution is not plotted beyond the coupling value where it starts to be complex, that is why it appears to end abruptly).
C. The T = 0 results
When considering the finite temperature case, we show in Fig. 3 the one-loop RGOPT mass gap from Eq. (5.2), the two-loop similar result from Eq. (5.15), which now are functions of the temperature, fixing g(M 0 ) = 1 and varying the scale M = αM 0 , with 0.5 ≤ α ≤ 2, corresponding to the shaded bands in Fig. 3 . We then see from Fig. 3 that the one-loop RGOPT mass is exactly scale independent, as it was anticipated from its expression, given by Eq.(5.2) in the previous section. This is the case because, by construction, it satisfies both the RG and the OPT equations simultaneously, Eqs. Fig. 3 (but this is artificially enhanced by showingm ∼ T rather thanm/T , which rather decreases with T ). The two-loop RGOPT scale dependence appears much larger than the SPT one, but this is essentially due to the intrinsically much largerm/T values in the RGOPT than in the SPT case, therefore within them/T > 1 regime for intermediate T /M 0 , where the implicitly high-T regime justifying the use of the perturbative running (5.16) is no longer quite valid. However, as we will see below, this sizable scale dependence of the RGOPT mass gets largely damped within the RGOPT pressure, giving an overall scale dependence much more moderate than for the SPT pressure.
The RGOPT massm(T ) clearly starts from a nonzero value at T = 0, since the mass gap solution is nontrivial at T = 0 (Eq. (5.3) ), then bends and reaches, as expected by using basic dimensional arguments, a straight line for large temperatures, where it behaves perturbatively asm ∼ gT . As observed in Ref. [31] , this behavior is reminiscent of that of the gluon mass in the deconfined phase of Yang-Mills theories [48] [49] [50] , where, at high-T , the gluon mass can be parametrized by T / ln T . The bending of the thermal masses can be better appreciated in Fig. 4 , which shows that the changing of behavior occurs at rather low temperatures.
One should recall, as already emphasized, thatm is only used at intermediate steps and does not represent a direct physical observable (see Refs. [25, 26] for further discussions on this issue). In this framework, physical quantities, like the pressure, are obtained upon substituting into thesem(g), which carries the nonperturbative coupling dependence. Next, we compare the results for the pressure obtained from the different schemes considered, namely, the RGOPT, PT, SPT and LN. In Fig. 5 we show the (subtracted) pressure, P = P (T ) − P (0), normalized by P SB , for the scale variations M = αM 0 , 0.5 ≤ α ≤ 2 and N = 4. It illustrates how the one-loop RGOPT pressure is exactly scale invariant, while the two-loop result displays a (small) residual scale dependence for the reasons already discussed above when considering the mass and concerning the interpretation of the results shown in Fig. 3 . Note that despite the fact that the optimum massm(T ) has a non negligible scale dependence for the RGOPT two-loop case, even compared to SPT, the RGOPT pressure itself exhibits a substantially smaller scale dependence than the corresponding SPT approximation, at moderate and low T /M 0 values, as can be seen on Fig. (5) .
While the improvement as compared with SPT may appear not very spectacular at the two-loop order here illustrated, the important feature is that the RGOPT construction is expected on general grounds to systematically improve the perturbative scale dependence at higher orders, as explained in Refs. [25, 26] . Being built on perturbative RG invariance at order k for arbitrary m, the mass gap exhibits a remnant perturbative scale depen-
, such that the (dominant) scale dependence within the vacuum energy (pressure), coming from the leading term ∼ m 2 /g, should be of perturbative order g k+2 . This feature can easily be checked explicitly in the above two-loop case: taking the high-T perturbative expression of the pressure, Eq. (5.25), replacing g there by its two-loop running, Eq. (5.16), and tracing only the M scale dependence, after a straighforward expansion one can check that it appears first at perturbative order g 3 , thus formally four-loop order:
(6.2) Of course the scale-dependence of the two-loop RGOPT pressure illustrated in Fig (5 ) reflects more than this naive perturbative behavior, since the exact pressure was used to describe correctly the low-T regime, wherem has no longer a simple perturbative expansion expression. In contrast, a completelly different behavior happens for SPT, or similarly the HTLpt. In analogy with the scalar model [25] , in the NLSM the unmatched leading order remnant terms, ∼ m 2 ln M from Eq. (3.24), remain partly screened up to two-loop, since perturbativelȳ m 2 spt ∼ O(g 2 ), but those uncancelled terms unavoidably resurface at the perturbative three-loop order g 2 . Apart from improving the residual scale dependence, the very different properties implied by Eq. (4.5) and the m 2 /g term in Eqs (4.6), (4.7) also explain the very different shape (and lower values) of the RGOPT one-and twoloop pressures as compared with SPT, which also does not include P (T = 0).
One can also guess from Fig. 5 that the LN pressure overestimates the SB limit, clearly from the changing N − 1 → N overall factor implicit in the LN approxi-mation, which results in a difference by a factor 4/3 for the pressures when N = 4. Both the one-and twoloop RGOPT pressures reach (very slowly, logarithmically with T /M 0 ) the SB limit, that one cannot see on the scale of the figure.
D. High-T approximation and comparison with standard PT
Let us now illustrate the high-T approximation, still for N = 4, and a scale variation with a factor 1/2 < α < 2. In Fig. 6 we show P/P SB (T /T 0 ) for a fixed reference coupling, g(2πT 0 ) = 1, for the one and twoloop RGOPT cases in high-T expansion approximation, Eqs. . This clearly displays again the exact scale invariance of the one-loop RGOPT pressure, while the two-loop RGOPT result has a moderate remnant scale dependence in comparison to the slightly more sizable SPT and standard PT scale dependences (for high T ). Notice that the scale dependence of SPT is somewhat more important than the standard PT one. Concerning the RGOPT, these results are just a straightforward restriction to the high-T regime of the more complete arbitrary T -dependent features illustrated in Fig. 5 , except that here the unshown low T /T 0 1 behavior (which for N = 4 and g(2πT 0 ) = 1 corresponds roughly tom/T 1 for the central scale α = 1 choice, see Eq. (5.21)) is, therefore, not valid due to the intrinsic limitation of the high-T expansion. This also explains why the RGOPT scale dependence improvement does not appear spectacular in the low T -regime, as compared with PT and SPT, while it was more drastic for the exact T −dependence on Fig.5 . The fact that the one-and two-loop RGOPT pressure are still different for relatively large T /T 0 , i.e., small g(T /T 0 ), is clear from the two-loop extra terms comparing Eq. (5.23) with Eq. (5.25). It is also clear from their latter analytical expressions that both the one-and twoloop RGOPT pressures tend logarithmically towards the SB limit for T /T 0 → ∞ (even if not obvious from Fig. 6 ), while the PT and SPT pressures reach this limit more rapidly.
As explained above in Subsec. V D, this visible difference as a function of g of the one-or two-loop RGOPT pressures as compared to the PT results, is actually perturbatively consistent for g → 0. The correct matching appearing once considering the RGOPT in terms of the physical input, which is like replacing the pole mass Eq. The main interest in Fig. 6 is that it compares (qualitatively) more directly with the results of QCD HTLpt [17, 18] , where at two-loop order and beyond, due to the quite involved gauge-invariant HTL framework, only the high-T expansion approximation has been worked out for the QCD HTLpt. In this respect, it is instructive to compare our results in Fig. 6 with those obtained, e.g., in Ref. [18] and shown in Figs. 7-8 in that reference. In particular, we observe that the shape and behavior of the SPT pressure is quite similar with the one-or two-loop HTLpt QCD pressures, not departing much from the SB limit even for T /T 0 ∼ 1. However the HTLpt results have a very different behavior at threeloops [18] , departing very much from the SB limit at moderate and low T values, and showing good agreement with lattice data for the central renormalization scale choice.
In contrast, the one-and two-loop RGOPT pressures appear to have a different, more nonperturbative behavior, in the sense that the RGOPT pressures show a more rapid bending to lower values for decreasing T /T 0 values, similarly to the 3-loop HTLpt results. This behavior is also roughly more qualitatively comparable to the lattice QCD simulation results for the pressure [51, 52] . Therefore, we anticipate that a RGOPT application to QCD HTLpt is likely to give similar features as the present NLSM RGOPT pressure results that we have just obtained. Indeed, we will illustrate below the rather good agreement of the RGOPT NLSM pressure with lattice simulations [31] for N = 3. is rather involved, to make the comparison simpler we consider the 1/N NLO pressure in the high-T approximation only. It reads [30] 
where the (rescaled) coupling has the same meaning as the LN one, Eq. (5.7). First, notice that already the one-loop RGOPT mass gap, Eq. (5.21), upon expanding it in 1/N , has a quite similar expression as (6.4), only missing the ln 4/N term. In Fig. 7 we show the pressure, all evaluated in the high-T limit and obtained with the different approximations, with the scale dependence illustrated as previously, for 1/2 < α < 2. It clearly displays how, from one to two-loop, the RGOPT pressure appears to converge rather well to the NLO 1/N result. Note also that the nonperturbative NLO 1/N pressure exhibits a residual, though moderate, scale dependence: this comes from the fact that the exact NLO 1/N running coupling [30] , which is given by Eq. (5.4) upon rescaling the coupling from Eq. (5.7), does not perfectly match the scale dependence of Eq. (6.4). This is analogous to the origin of the residual scale dependence of the twoloop RGOPT pressure, already explained above, which indeed appears in Fig. 7 to be of a similar range as the NLO 1/N scale dependence.
F. Further improving residual scale dependence
We have previously explained why, despite the explicit perturbatively RG invariant RGOPT construction, there is a moderate residual scale dependence within the twoloop results. Now, given that we restricted our analysis at the two-loop order, one may wonder generally if it is possible to further improve the RGOPT scale invariance at this order. As mentioned in the introductory part of Sec. V, if we could obtain a simultaneous solution of both Eqs. (5.9) and (5.12), therefore getting rid of using the perturbative (massless) running from Eq. (5.16), we could intuitively expect a further reduced, minimal scale dependence (but still not expecting perfect scale invariance at a given finite order of the RGOPT modified expansion, which obviously remains as an approximation to the truly nonperturbative result). But since in the NLSM such nontrivial solution does not exist at two-loop order, an interesting question that we address now is whether the scale dependence may be further improved nevertheless, by using some alternative procedure.
In fact it is only the combination of the exact two-loop mass optimization prescription (MOP) Eq. (5.9) with the exact RG Eq. (5.12), which leads to the trivial solution g = 0, Eq. (5.14). Now, since RGOPT is still a perturbatively constructed approximation, it is perhaps too contrived to require such exact solutions at two-loop order. Thus, one possible trick is to bypass the actual triviality of the combined solution by simply approximating one of the two equations. Typically, the simplest procedure is to keep the RG Eq. (5.12) as exact, giving the mass gap m(g(T )) just as previously, while considering the other exact physical solution of Eq. (5.9), given by Eq. (5.2), as defining an effective temperature-dependent coupling g(T ), but approximating the latter by truncating the thermal mass to its purely perturbative first order high-T expression, Eq. (5.22) . This gives the result
There is one minor subtlety at this stage: while the standard perturbative running, e.g., Eq. (5.4) at one-loop order, is calibrated such that the central value α = 1 corresponds exactly to M = 2πT , this has no reason to be the case for the running coupling (6.5), having a more nonperturbative dependence. Thus, to get a sensible comparison of scale dependence, namely for identical central coupling values g(M 0 ), we have to match M 0 such that g ef f (M = αM 0 ) ≡ g(M 0 ) for α = 1, which is obtained for an appropriate central value α upon setting M ≡ 2πα in Eq. (6.5). More precisely, for g(M 0 ) = 1 this matching happens for α ≃ 2e −γE /2 ≃ 1.12, a very moderate shift of renormalization scale calibration. Now, by combining the approximate solution Eq. (6.5) with the Eq. (5.12), we do obtain a nontrivial coupled {ḡ,m} solution, and Eq. (6.5) has sound properties of an effective coupling, being consistent (at least at one-loop order) with the standard running coupling (5.4) . Morever, we stress that Eq. (6.5) is not put by hand, but it is a direct consequence of Eq. (5.2), at a minimal extra work cost, since one already knows all the ingredients from the above calculations at this stage. Using Eq. (6.5), one can examine the resulting scale dependence that follows from this alternative procedure. This is illustrated for the pressure, as compared with the previous results using the purely perturbative running (5.16), in Fig. 8 . One observes a definite further improvement, by a factor two roughly, specially in the intermediate T /M 0 zoomed in region, where the previous scale dependence was the largest. We have tried to pursue this construction by truncating the RGOPT thermal mass m at the next two-loop order, but the scale dependence does not further improve, rather worsening. This "incompressible", minimal residual scale dependence beyond one-loop order is actually expected from general perturbative arguments, since one cannot expect to have exact scale invariance at two-loop order or beyond. Note, moreover, that if one would push farther such approximations of Eq. (5.2), including more and more perturbative terms in the thermal mass expansion, one would progressively see the combined solution unavoidably reach the exact trivial one, Eq. (5.14), g ef f → 0. Therefore, Eq. (6.5) appears to be a relatively simple and optimal effective prescription to minimize the scale dependence. Remark also that Eq. (6.5) has essentially a one-loop running form, when comparing with Eq. (5.4) , but the arbitrary T -dependence that it involves allows to consider a more nonperturbative coupling g regime, as we will illustrate next, when comparing with lattice results. Now, as we have already emphasized before, since at two-loop RGOPT order the correct AF branch mass gap solution behaves perturbatively essentially like the one-loop solution, Eq. (5.2), it is not too suprising that Eq. (6.5) appears as an optimal running. But we must emphasize that this feature is very peculiar to the NLSM model at two-loop order, as already explained previously, with the factorized form of the two-loop mass gap solution (5.9) due to the specific renormalization properties of the NLSM vacuum energy. More generally for other models, the running coupling at a n-loop order should be optimal for the RGOPT at n-loop order.
G. Comparison with lattice simulations
We will now compare the RGOPT results with lattice simulation ones. Apart from the early work in [53] , to the best of our knowledge the only available lattice thermodynamics simulation of the NLSM is the one of Ref. [31] , which was performed for N = 3 10 . To complete this comparison, we need a priori to fix an appropriate coupling value at some scale M 0 , recalling that the simulation in Ref. [31] was performed at relatively strong lattice coupling values. As required in lattice simulations, the authors consider a sequence of different (bare) lattice couplings for different T /M 0 ranges, in order to best control the approach to the continuum. Our analytical result is evidently aimed for fixing a g(M 0 ) input choice (its running with the scale being determined from RG properties). Moreover the RGOPT approximation effective coupling, in the MS scheme, has no reasons to coincide with the lattice coupling definition. As already explained above, the combined two-loop solution for the RG Eq. (5.12) and the MOP Eq. (5.9), if it would exist at two-loop order, would determine besides the optimal mass similarly an optimal T -dependent couplingḡ(M, T ), thus giving a compelling choice for comparing with lattice results. In absence of such optimal two-loop coupling for the NLSM two-loop results, there is, however, one other remarkable coupling value g(M 0 ) (at two-loop order), namely such that lnm(0)/M 0 = 0 exactly (i.e. such that the zero-temperature mass gap coincides with the scale M 0 , with no further corrections). This happens for g(M 0 ) = 2π (a value coincidentally analogous to the one obtained in the GN model [21] for the exact optimal coupling). It thus appears to be a sensible input choice to compare with lattice, as it is also in the nonperturbative regime. In Fig. 9 we thus compare the one-and two-loop RGOPT and the LN pressure for g(M 0 ) = 2π with the lattice data for N = 3, as function of the temperature, now normalized by the T = 0 mass gapm(0), consistently with the lattice results normalization [31] . Our LN pressure exactly coincides analytically and numerically with the one in Ref. [31] ). The one-loop RGOPT and LN pressure are exactly scale independent for any g, as already pointed out before (remarking again that the only difference between one-loop RGOPT and LN is the N − 1 → N overall factor). It is also worth noting that, once expressed as P (T /m(0)), both the oneloop RGOPT and LN pressures are actually independent of the input coupling value g(M 0 ): the reason for this is that the one-loop pressure Eq. (5.5) (and therefore also its large-N limit) do not depend explicitly on g, while the g(M ) dependence is entirely absorbed withinm(0) from the mass gap Eq. (5.2). (Accordingly the one-loop and LN pressures in Fig 9 do not get closer nor farther from the lattice data for other g(M 0 ) choices). But this remarkable feature holds only approximately at two-loop order, due to the no longer matched g(M )-dependence between the pressure Eq. (4.7) and the two-loop mass gap equation. Moreover this mismatch is strongly enhanced in the peculiar N = 3 limit in the NLSM, due to the vanishing of the two-loop gdependence in the pressure Eq. (4.7). Consequently, for N = 3 the two-loop RGOPT pressure happens to be accidentally much sensitive to the g(M 0 ) input choice. An additional drawback is that for such large reference coupling g(M 0 ) ∼ 2π, the unavoidable residual twoloop RGOPT scale dependence, which had remained very moderate for g(M 0 ) 2, is now substantially enhanced. We thus use the further improved alternative running coupling, determined by Eq. (6.5), but the residual scale variation appears quite sizable. Nevertheless, when we compare the RGOPT results with the scale dependence of other approximations, such as the PT or SPT for N = 3 (which for such large coupling values is well beyond any reasonable variation), the much better performance of the RGOPT is quite visible. (Remark that we do not illustrate PT and SPT here for N = 3, since at two-loop order the SPT mass gap solution (5.28) trivially vanishes for N = 3, consequently giving in Eq. (5.30), (5.33) a trivial (constant) pressure equal to the SB limit for any temperature). Within this sizeable scale variation uncertainty, the twoloop RGOPT pressure shows a reasonably good agreement with lattice results for T m(0), but not so good, at least for the central renormalization scale, for low 0.2 T /m(0) 1 values. However, due to the above explained important sensitivity of the two-loop pressure to the input coupling for N = 3, the value g(M 0 ) = 2π has to be considered more a reasonably good 'fit' of the lattice data from the two-loop results, coincidentally, than a genuine prediction of RGOPT. It is intriguing that this value has other independent motivations, but it is probably more correct to conclude that this reasonable agreement is largely coincidental.
Another rather stricking result is the extremely good agreement of lattice data with LN for small to moderate T /m(0) 1. While for very large T values the lattice (and also the two-loop RGOPT) pressures are consistent with the true SB limit of the model Eq. (5.19), P SB ∼ (N − 1). This visible difference between the lowand high-T regimes of the NLSM model is an important nonperturbative crosscheck: at sufficiently low T , nonperturbative results should reflect the unbroken O(N ) with actually N degrees of freedom. In the RGOPT framework, similarly to the LN approximation, as we have explained the constant vacuum energy piece m 2 /g (footprint of a σ field term), plays a crucial role in obtaining a mass gap with these expected features of the low-T nonperturbative NLSM properties. While at asymptotically high-T one reaches the free theory g → 0 limit of the NLSM model, thus describing a gas of N − 1 non-interacting pions, while the non-kinetic m 2 /g contribution becomes negligible. The RGOPT two-loop results roughly exhibit this overall nonperturbative behavior from low-to high-T regime (although not perfectly at very low temperatures). ... Lattice   FIG. 9 . P/PSB as a function of the temperature T (normalized by the T = 0 mass gapm(0)) for N = 3: LN, one-and two-loop RGOPT for g(M0) = gLN (M0) = 2π and scale variation 1/2 ≤ α ≤ 2, when using RG optimized running given by Eq. (6.5), compared with lattice simulations (taken from Ref. [31] ). NB lattice data have been conveniently rescaled on vertical axis from P/T 2 in Ref [31] to P/PSB (i.e., for N = 3 this corresponds to a scaling factor of π/3).
H. The Trace anomaly
It is also of interest to investigate the behavior of some other thermodynamical quantities evaluated in the RGOPT scheme and how they compare with the same quantities evaluated in the SPT and LN approximations. For example, the interaction measure
, which is the trace of the energy-momentum tensor normalized by T 2 . The interaction measure can be readily obtained from the pressure by using the definitions for the entropy density, 11 As a rather trivial remark, one notes that this differs from the usual expression quoted in the literature simply because here we are working in 1+1-dimensions, while in 3+1-dimensions the pressure obviously appears multiplied by a factor 3. Likewise, the normalization here is only T 2 , instead of T 4 in 3+1-dimensions. (6.6) and for the energy density, E = −P + S T . One subtlety rooted in the optimized perturbation, is that one should evaluate the entropy according to Eq. (6.6), namely only after the mass gapm(g, T ), which is explicitly T -dependent, had been replaced within the pressure expression, which, thus, becomes only a function of g(T /M ), T /M . While the partial derivative calculated for fixed (arbitrary) m, ignoring the mass gap (which would give the correct result for the truly massive theory), is generally different and would lead to physically inconsistent results in the present case. Actually, at the one-loop RGOPT order, since the mass gap is defined by the constraint given by (4.2) and that results in Eq. (5.2), the two expressions coincide. This here is simply because in dP (m(T ), T )/dT = ∂P/∂T + (∂m/∂T )(∂P/∂m) the last term vanishes by definition due to Eq. (4.2). While for the two-loop RGOPT, our mass gap prescription that guarantees real solutions is given by the RG Eq. (5.15), which is obviously not equivalent to Eq. (4.2). Likewise, the SPT mass gap, since it can only be real-defined at this order as the Debye mass (5.28), is also very different from the optimized mass (4.2). At the one-loop RGOPT order, we easily obtain simple compact analytical expressions for the entropy and trace anomaly, given, respectively, by
and
where it is understood thatx ≡m(T )/T is given by the solution of Eq. (5.2) 12 . Note that we normalize ∆ by subtracting its T = 0 expression, consistently with the pressure normalization,
. The corresponding LN expressions are very similar to Eq. (6.7) and (6.8), being obtained by the appropriate LN rescaling (5.7) and overall N − 1 → N usual changing.
The two-loop SPT interaction measure has also a relatively simple expression, due to the SPT mass gap being the perturbative pole mass (5.28) at this order, with T -dependence such thatm
. (note also that ∆ spt (T = 0) trivially vanishes).
12 Note that despite the overall negative sign of expression (6.7), this entropy remains positive definite for any x, as expected.
We obtain
wherex spt = πγ 0 g(T ) from (5.28) and Y was defined in Eq. (5.10). Thus its main feature is that Eq. (6.9) is substantially smaller, at high and moderate T values, relative to e.g. (6.8), being suppressed by the small SPT mass gap ∼ x 2 spt , and has an essentially monotonic dependence on T . As concerns the two-loop RGOPT, the exact analytical expressions of S and ∆ are rather involved and not very telling, due to the more involved nonperturbative mass gapm(g, T ) expression, which we recall is obtained by solving Eq. (5.15). Thus, we refrain ourselves from writing down explicitly its full expression and we will only present its corresponding numerical result. As we will illustrate, however, its shape as function of T /M is to a good approximation roughly similar to the simple oneloop RGOPT in (6.8).
In Fig. 10 we show the dependence of the interaction measure as a function of the temperature in the one-and two-loop RGOPT, two-loop SPT, and LN cases, for the same choice of N = 4 and g = 1 = g LN /2, as in the previous pressure plots shown in Figs. 2-5. We notice from the RGOPT results shown in Fig. 10 how the inflection before the peak of ∆ occurs approximately at the temperature value where m(T ) bends (see Fig. 4 ), which is an interesting feature if one recalls that in QCD the inflection occurs at T c . It is worth to trace more precisely the origin of the peak of the RGOPT interaction measures. First, note thatx
, is monotonically decreasing. Thus the peak only originates from its interplay with the subtracted zero-temperature reduced (squared) mass gapx 2 (0) ≡m 2 (0)/T 2 in Eq. (6.8). It is easy to take the derivative with respect to T of (6.8), upon having first determined, from Eq. (5.2), that 10) to trace analytically that (6.8) has an inflection point, and then a maximum at a given t m ≡ T m /M 0 value, determined from the solution of which gives ≃ 0.38, like is seen in Fig. 10 . For the two-loop RGOPT interaction measure, it is more difficult to trace analytically but this quantity follows similar features, except that the bending ofm is delayed to larger T /M 0 (see again Fig. 4) , so are the corresponding inflection point, and subsequent peak in Fig. 10 . Thus, although there is no phase transition in two dimensions, the trace anomaly has a nontrivial structure with an inflection point followed by a peak, due to the occurence of a mass gap, signaling the breakdown of scale invariance already at T = 0, and the nontrivial T -dependence of this mass gap: sincem(0) in Eq. (5.3) reflects dimensional transmutation, (6.8) (or similarly its two-loop generalization) involve nonperturbative power contributions. Note also that the RGOPT prediction is that E − P ≡ ∆ T 2 grows quadratically with T at high temperatures, up to ln T terms, as easily established from the high-T expression of (6.8) usingx(T ) from Eq. (5.21): ∆(T ≫ M 0 ) ≃ 1/ ln(T /M 0 ). This behavior may be viewed as the two-dimensional analog, and qualitatively compared with four-dimensional Yang-Mills theory where a quadratic behavior has been found in the LQCD evaluations performed in Ref. [51] , and analytically supported by convincing arguments in [29, 54] .
Another interesting feature shown by the results in Fig. 10 is that the two-loop RGOPT predicts that after the "transition" (inflection) the system interacts in a much stronger way than predicted by the LN and the one-loop RGOPT, which have smaller thermal masses (see Fig. 3 ). In this respect, it is again instructive to compare our results for the interaction measure, given by Fig. 10 , with those obtained in Ref. [18] and shown in Fig. 12 in that reference. While the leading-order (LO) and next-to-leading order (NLO) HTLpt results show an essentially perturbative behavior, the three-loop (NNLO) HTLpt interaction measure is closer to the LQCD simulations [51, 52] (although not reproducing the lattice data peak). From this comparison one can appreciate that the two-loop RGOPT interaction measure has a shape similar to the one obtained in the LQCD simulations. In contrast the two-loop SPT interaction measure looks qualitatively more similar to the three-loop HTLpt results [18] , which we understand as originating from the accessible exact low T dependence in the NLSM case. It is a monotonic function of T with no peak at any T /M 0 (as we also checked from Eq. (6.9) and going further below the T /M 0 values shown in Fig. 10 ).
VII. CONCLUSIONS
We have applied the recently developed RGOPT nonperturbative framework to investigate thermodynamical properties of the asymptotically free O(N ) NLSM in two dimensions, and illustrate results for N = 3 and N = 4. Our application shows how simple perturbative results can acquire a robust nonperturbative predictive power by combining renormalization group properties with a variational criterion used to fix the (arbitrary) "quasiparticle" RGOPT mass.
In particular, a non-trivial scale invariant result was obtained by considering the lowest order contribution to the pressure, which represents a remarkable result if one considers that the whole large-N series can be readily reproduced upon taking the N → ∞ limit within the RGOPT. In addition, at realistic finite N values and high temperatures, the lowest order RGOPT pressure converges to the correct Stefan-Boltzmann limit, while the LN result overshoots it. Next, in accordance with other previous finite temperature applications [25, 26] , the NLO (two-loop) order RGOPT results display a very mild residual scale dependence when compared to the standard SPT/OPT results. The much reduced residual scale dependence is due to the explicitly RG invariant construction at all stages, as we recall: first from retaining (or reintroducing, if absent) appropriate finite vacuum energy subtraction, Eq. (3.25), to restore perturbative RG invariance of the vacuum energy of the model. Second, by maintaining RG invariance while modifying the perturbative series with a generalized RG-dictated interpolation, Eq. (4.1) with (4.5). In contrast in related variational SPT or HTLpt approaches, the vacuum energy subtraction are omitted, and the simpler linear interpolation is used. One should remark however that in thermal theories, the omission of additional vacuum energy term is essentially innocuous at lowest order, since the thermal mass m T has itself a perturbative origin: here for the two-dimensional NLSM, m T ∼ gT + O(g 2 ), (see Eq. (5.28)), such that, if uncancelled, the remnant term (3.24) is formally of higher O(g 2 ) order. These features are completely similar in four-dimensional models [26] , where the vacuum energy involves m 4 terms, while the thermal mass behaves for small g as m 2 T ∼ gT . Therefore the SPT or HTLpt formal lack of scale invariance at one-loop order is essentially "screened" by thermal masses, at least as long as g takes perturbative values. But conversely it essentially explains why a more dramatic scale dependence is seen to resurface at higher orders, in particular at three-loop order in resummed HTLpt [18] .
We also obtain a reasonable agreement of the RGOPT pressure with known lattice results for N = 3, in the full temperature range, with the expected nonperturbative behavior of the NLSM from low-to high-T regime (but the agreement with lattice results is not quite good at low temperature). However, this agreement is largely accidental at two-loops, coincidentally for a somewhat large input coupling choice g(M 0 ) ≃ 2π. We remark that these rather odd properties of the two-loop NLSM RGOPT results essentially originate from the perturbative two-loop pressure contribution vanishing for N = 3, see Eq. (4.7), therefore inducing a severe mismatch in the good scale invariance properties otherwise verified for any other N > 3. We can speculate an a priori much better behavior at three-loops for N = 3, having simply determined from lower orders, using solely RG invariance properties, that the three-loop pressure contribution does not vanish for N = 3, but a more precise investigation is well beyond our present scope.
The NLSM thermodynamical observables obtained from two-loop RGOPT display a physical behavior that is more in line with LQCD predictions for pure YangMills four-dimensional theories, as compared with the two-loop order SPT. Perhaps the most striking result, also in view of applications to QCD, is that the one-and two-loop RGOPT interaction measure ∆ exhibit some characteristic nonperturbative features somewhat similar to the QCD interaction measure. Although as previously explained the underlying physics is very different since in two dimensions there is no phase transition, and the inflection and peak in the NLSM interaction measure reflect simply the broken scale invariance from a mass gap. Yet the underlying mechanism appears here simpler but somewhat similar to the one advocated for QCD [29, 54, 55] , in the sense that this peak originates from an interplay between thermal perturbative and nonperturbative T = 0 (power) contributions, present in RGOPT results. One may qualitatively compare these features with the HTLpt interaction measure, which is much closer to the lattice QCD results at three-loops [18] , but does not show a transition peak. While this is made possible in the present NLSM case due to the rather simple structure of the model, giving an analytical handle to the full temperature dependence up to two-loop order. Apart from such possible technical limitations for a similar application to thermal QCD, the present NLSM results nevertheless confirm that the recently proposed RGOPT approach stands as a robust analytical tool to treat renormalizable theories at extreme conditions.
Finally it would be of much interest to compare our NLSM thermodynamical results with other lattice simulation results for other N values, but unfortunately to our knowledge no such simulations at finite temperature are available up to now for N > 3.
